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Given vertices s, t of a planar digraph G, does there exist a directed circuit of G containing both 
s and t? We give a polynomial algorithm for this and for a number of related problems, including 
one about disjoint directed circuits of prescribed homotopy in a digraph drawn on a torus. 

1. I n t r o d u c t i o n  

Deciding if two given vertices of a graph lie in a circuit is easy, but deciding if 
two given vertices of a directed graph (more briefly, digraph) lie in a directed circuit 
is NP-complete [2]. (Circuits have no "repeated" vertices or edges.) For planar 
digraphs, however, we shall show that  the problem can be solved in polynomial time. 
We shall also describe an "obstruction", the non-existence of which is necessary and 
sufficient for the existence of the required circuit. Our obstruction is rather like the 
familiar cutset of the max-flow min-cut theorem, with one curious difference: if we 
regard our graph as drawn on the sphere with the two special vertices at the north 
and south poles, then our obstruction involves closed curves oh the sphere which 
wind around it several times, not just once. 

Let us be more precise. By a surface we mean a connected (not necessarily 
compact) oriented 2-manifold, possibly with boundary, such as the open cylinder 
{(x, y, z) : x 2 + y2 = 1, - o c  < z < oc} or the torus (with some fixed orientation). 
(In fact, except for the torus, all our surfaces will be homeomorphic to subspaces of 
the sphere.) Since our graphs are mostly drawn on surfaces, it is convenient to make 
little distinction between graphs and drawings. Thus, by a graph G in a surface E 
we mean a pair (U, V), where 

(i) U C E is closed, and V C_ U 
(ii) for every component e of U - V ,  (e, ~) is homeomorphic either to ((0, 1), [0, 1]) 

or to (S  1 - {1}, s l ) .  

(S 1 denotes the circle {e iO : 0 < 0 < 27r}, and for a subset e of Z, ~ denotes its 
closure.) We permit infinite graphs, but all our graphs will be finite except when we 
say so. We write U(G) = U, V(G) = V, and define E(G) to be the set of components 
of U - V (thus, E(G) is the edge set of G). A digraph is a graph together with an 
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orientation of each edge of G and a digraph in E is defined similarly. We sometimes 
use the notation (u, v) �9 E ( G ) ,  referring to an edge of G from u to v, even when G 
is in a surface. The remainder of our terminology is standard. 

A curve (respectively, closed curve) in 2 is a continuous function r : [0, 1] --+ 
(respectively, r : S 1 --+ ~). We define dora(C) = [0, 1] or S 1 respectively and 
r = {r : x �9 dom(r  If G is a graph in E, we say r in sensible for G if 
{x  �9 dora(C) : r �9 U(G)} is finite, and for every x �9 dom(r  and e �9 E ( G ) ,  
if r �9 e then r crosses e at x (in the natural sense, which it seems unnecessary 
to make precise). In particular, r does not touch any edge "tangentially". Let z 
move from 0 to 1 if dora(C) = [0, 1], or let z = e i0 where ~ moves from 0 up to 2r  if 
dom(r  = S 1. Let G be a digraph in ~ and let x �9 dora(C) with r �9 e �9 E ( G ) .  
Then as z passes through x we see that  r crosses e either from left to right, or from 
right to left (in the natural  sense, determined by the orientation of ~). For brevity, 
we say that  r crosses e at x from left to right or from right to left. If  r crosses e at x 
from left to right, we define c~(x) = -1 ;  if it crosses from right to left, ~(x) = 1; and 
if x �9 dora(C) with r �9 V(G), we define (~(x) = 0. If dom(r  = [0, 1] the trace of 
r is the sequence o~(xl) , . . . ,  ol(xk), where 

{x  �9 dora(C): r �9 U(G)}  = { X l , . . . , x k }  

and Xl < x2 < . . .  < Xk. The internal  trace of r is the sequence (~(Yl),...,(~(Yk) 
where 

{x  �9 dom(r  - {0, 1}: r  �9 U(G)} = {Yl, . . .  ,Yk}  

and Yl < Y2...  < Yk- 
We want to define a similar notion for closed curves, and to do so we need 

"circular sequences". Thus, if X l , . . . , x k  is a (finite) sequence and 1 < i < k, the 
sequence 

Xi+ l , Xi+ 2 , . . . , xk ,  x l , x2, . . .  , x i 

is called a rotation of X l , . . . ,  xk.  The relation "is a rotation of '  is an equivalence 
relation, and we call its equivalence classes circular sequences. If X l , . . , ,Xk  is a 
sequence, the circular sequence containing it is denoted by (Xl , . . .  ,Xk}. If G is a 
digraph in ~ and r is a sensible closed curve, its trace is 

where 

<~(e i~ l ) , . . . ,  c~(e iOk)> 

{Z e S 1 :r  �9 U(G)}  = { e i O 1 , . . . , e  iok} 

a n d 0 _ < ~ l  < 8 2 <  . .<2~r .  
Let ~ be a finite sequence each term of which is 1, - 1  or 0. Let us choose a 

subsequence, and change each 0 in it to either 1 or - 1 .  We say that  # dominates 
the new sequence of •  that  we obtain. The circular sequence (~/ dominates (#') 
if # dominates some rotation of # ' .  If # is a finite sequence and n > 0 is an integer, 
pn denotes the sequence obtained by concatenating n copies of #. Thus, if # is 
x l , . . .  ,xk then #n is Xl , . . .  , X k , X l , . . .  , X k , . . .  , X l , . . .  ,Xk,  with n k  terms. If #1 is a 
circular sequence, #~ denotes (#~) where #1 -- (#2). 

Now any continuous function 6 : S 1 --* S 1 has an integral winding number  w(O), 
defined in the natural  way; for instance, the identity function has winding number 1. 
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(Intuitively, we count the number  of t imes 0(z) moves a round S 1 as z travels a round 
S 1 once.) Let E be a surface, and let r : E --~ S 1 be some fixed continuous function. 
Then  for any closed curve r in E we define its winding number relative to ~b to be 
w( r  �9 r Finally, we can s ta te  our first result. 

(1.1) Let  Z be t h e s p h e r e  { ( x , y , z ) : x 2 + y 2 + z  2 = 1}, let s = (0,0,1) ,  t = ( 0 , 0 , - 1 ) ,  

x+iy For any digraph G in E and for each p = (x, y, z) E E - {s, t} let r  = (x2+y2)1/2 . 

with s, t E V (G) ,  the following are equivalent: 
(i) there is a directed circuit o f  G containing both s and t 

(ii) for every sensible dosed  curve r in ~ - {s, t},  i f w ( r  r = n >_ 0 then the 
trace of  r dominates  ( - 1 ,  1) n. 

It  is not apparen t  tha t  this yields a "good character izat ion" for (i), because 
there is no bound on n. But  in section 6 we shall see tha t  (1.1) yields a polynomial  
a lgor i thm for (i). 

2. A generalization 

Let E be the cylinder { (x ,y)  : 1 _< x 2 + y2 _< 4}, oriented so tha t  the closed 

curve r given by r iO) -- ( ~ cos g, ~ sin 0) crosses the s traight  line from (1, 0 ) t o  

(2, 0) from right to left. Let Ci = { ( x , y )  : x 2 + y 2  = i 2} (i = 1, 2). Let G b e a  
d igraph in Z. By a rung we mean  a directed pa th  of G with one end in C1 and the 
other  in C2. Let 2 be a set of vertex-disjoint rungs of G. Let ]2] -- k, and choose 
91 < 02 < . . .  < 9k < 91 + 27r such tha t  for 1 < i < k, (cosOi,sinOi) is an end of 
some Pi E 2 .  Let ai -- 1 if (cos Oi, sin 0i) is the first ver tex of Pi, and ai -- - 1  if it is 
the last vertex.  The  circular sequence ( a l , . . . ,  ak) is called the signature of 2 .  We 
observe tha t  it is independent  of the choice of 01, �9 �9 �9 0k. 

(2.1) Let  Z be as above and for each p -- (x, y) E Z let r  = x+iy Let  # be (z2+y2)1/2" 
a circular sequence with all entries •  Then the following are equivalent: 

(i) there is a collection o f  vertex-disjoint rungs o f  G with signature # 
(ii) for every sensible closed curve r in Z, i f  w ( r  r = n >_ 0 then the trace of  

r dominates  #n. 

This will be our second result, and we see tha t  it is a general izat ion of (1.1). 
(To obta in  (1.1) we split s, t into a number  of 1-valent vertices, and we take # to be 
( - 1 ,  1). The  or ienta t ion of E can in this case be neglected because of the invariance 
of # under  reversal.) 

We wish also to discuss a result abou t  disjoint circuits on a torus. This  result 
is closely analogous to (2.1), bo th  in s ta tement  and in proof, but  unfor tuna te ly  we 
have not been able to formulate  a convenient common  generalization. We therefore 
shall give the proof  of the torus result  in detail, and leave the reader to adap t  it to 
prove (2.1). (The  proof  of (2.1) is in fact a little easier than  t ha t  of the torus result.) 

Our  torus result is as follows. Let E be the torus obta ined  from the cylinder 
{(x, y, z) : x 2 + y2 = 1, 0 < z < 1} by making  the identifications (x, y, 0) -- (x, y, 1). 
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Let A be the closed curve given by A(e iO) = (cos (), sin 0, �89 (0 < 0 < 2~r). We orient 
E so that A crosses the curve r given by 

( 1 1 )  
r  1 ,0 ,~ + ~x ( 0 < x <  1) 

from left to right. We define homotopy in E in the usual way. Let G be a digraph in 
E. A directed circuit of G is a hoop if it is homotopic to one of A, A -1, where A -1 
is defined by A-l(z)  = A(z-1). 

Let 2 be a collection of vertex-disjoint hoops in G, and let k = 121. For each 
P E 2,  let Cp be a simple closed curve (that is, cpp(z) ~ Cp(z I) for z r z ~) with 
Cp = U(P) ,  homotopic to A. Then 2 may be numbered as {P1 , . . - ,Pk}  such that 
for 1 < i < k, no P C 2 lies in the open cylinder to the left of CPi and to the right 
of CPi+l" We define the signature of 2 to be ( a l , . . . ,  ak}, where a i = 1 if Pi is 
homotopic to A and -1  otherwise. We observe that this is independent of the choice 
of numbering of 2. 

For each p = (x, y, z) E E, let ~(p) = e 27riz. Our torus result is 

(2.2) With E, ~p as above, let # be a circular sequence of +l ' s .  I[ G is a digraph in 
E, the following are equivalent: 

(i) there is a collection of vertex-disjoint hoops of G with signature # 
(ii) for every dosed curve r in E with w(r1 6 2  = n >_ O, the trace o [ r  dominates 

I . t  n . 

3. S o m e  l e m m a s  

The following is an easy exercise, and we omit its proof. 

(3.1) Let G be a digraph in a sphere E, and let rl, r2 be reg/ons. Then exactly one 
of the following holds: 

(i) there is a directed circuit of G with rl on its right and r2 on its left 
(ii) there is a sensible curve r in E such that r E r l ,  r E r2 and all its 

trace entries are -1 .  

Let E be the cylinder {(x ,y ,z)  : x 2 + V 2 = 1, - o c  < z < oc} and let A be the 
closed curve given by A(e i~) = (cos 8, sin~,0). Let E be oriented so that A crosses 

the curve r given by r = ( 1 , O , x - � 8 9  (0 <_ x <_ 1) from left to right. I f G  

i s  a (possibly infinite) digraph in E, and C is a directed circuit of G, we say C is 
a positive (or negative, respectively) hoop if C is homotopic in E to A (or to A -1, 
respectively). If C is a hoop, then E - U(C) has two components E 1 and E2 say, 
where E1 contains every point (x, y, z) with x 2 + y2 = 1 and z sufficiently large. We 
define A(C) = E1 and B(C) = E2; thus A(C) N B(C) = U(C). 

(3.2) Let G be a digraph in E, and let C1, C2 be positive hoops of G such that 
U(G) C A(C1) NB(C2). Let V 1 E V ( C 1 )  - V ( C 2 ) ,  v2 E V ( C 2 )  - V ( C 1 ) ,  and suppose 
that every positive hoop of G contains Vl or v2. Then there is a sensible curve r in 
E such that: 

(i) -r C_ A(C1) N B(C2) 
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(//) r = Vl, r = v2 
Oil) every entry of the internal trace of r is - 1. 

Proof. Let G I = G \ {Vl, v2}; then G I is a digraph in E with no positive hoop. Let r i 
be the region of G' containing v i (i = 1, 2). By (3.1) we deduce that there is a curve 
r in E, sensible for G t, with r E r l  and r E r2, such that r contains no vertex 
of G ~, and crosses no edge of G r from right to left. We may assume that r M r l  and 

M r2 are both homeomorphic to the half-open interval (0, 1] and in particular are 
connected, that r = Vl and r = v2, and that r intersects no edge of G incident 
with vl or v2 (by "locally" rerouting r But then it follows that r C_ A(C1)N B(C2), 
and the theorem is satisfied. | 

(3.3) Let G be a (possibly infinite) digraph in E. Let X C_ V(G), such that there 
are positive hoops C1, C 2 Of G with V(C1) C_ X and V(C2) M X = 0, and with 
A(C1) Cl B(C2) containing only finitely many vertices and edges of G. Then there is 
a positive hoop C of G with V(C)  M X = O, such that for everyp E V(C)  there is a 
sensible curve r with r E X, r = p and with internal trace all - 1  's. 

Proof. Let us choose C1, 6'2 as in the theorem, with A(C1) M B(C2) minimal. We 
claim that setting C = 6"2 satisfies the theorem. For let p C V(C2). Let C3 be a 
positive hoop with U(C3) c_ A(C1) AB(C2)  such that p ~t V(C3) and A(C3) A B(C2) 
is minimal. From the minimality of A(C1) M B(C2) it follows that V(C3) N X ~ 0; 
choose q E V(C3) N X. Let G ~ be the subdigraph of G drawn in A(C3) M B(C2). 
Then G I is finite. From (3.2) applied to G I, p, q the result follows. | 

4. P e r i o d i c  Digraphs 

Again, let E be the cylinder {(x, y, z) : x 2 + y2 = 1, - o c  < z < oo}, and let G 
be an infinite digraph in E. We say that G is periodic if 

(i) the homeomorphism (x, y, z) ~ (x, y, z + 1) of 5] maps G to itself, 
(ii) any bounded subset of E contains only finitely many vertices of G, and 

(iii) each vertex of G has finite valency. 
Let E ~ be the torus, obtained from { (x , y , z )  : x  2 +y2 = 1, 0 < z < 1} by making the 
identifications (x, y, 0) = (x, y, 1). There is a natural surjection a : E ~ E I defined 
by a(x, y, z) = (x, y, zl), where 0 _< z I < 1 and z - z I is an integer. The image of a 

periodic digraph G in E under a is a finite digraph in E I which we denote by a(G). 
Conversely, every (finite) digraph in E I is the image under a of some periodic digraph 
in E. This will enables us to reformulate our problem about a digraph in E I in terms 
of a periodic digraph in E. 

If G is periodic and v E V(G), where v = (x, y, z), and k is an integer, then 
(x, y, z + k) E V(G) and we denote this vertex by v + (0, 0, k). We shall use a similar 
notation for the translates of other objects, without further definition. 

(4.1) Let G be a periodic digraph in E. Then exactly one of the following holds: 
(i) G has a positive hoop 

Oi) there is a sensible curve r in E, with trace all - l ' s ,  such that r --- 
r + (0, O, n) for some integer n > O. 
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Proof. If r is a curve in ~ and r = r + (0, 0, n) for some integer n > 0, and G 
has a positive hoop, then from the periodicity of G it follows that there is a positive 
hoop C with r E A(C) and r e B(C); and hence some entry of the trace of r 
is 0 or 1. Thus not both (i) and (ii) hold. 

For the converse, suppose that G has no positive hoop. We may assume (by 
perturbing G slightly) that U(G) contains only finitely many points (x, y, z) with 
z -- 0, and (by adding extra vertices to G) that every such point is a vertex of G. 
For each integer i, let 

A i = { ( x , y , z ) : x  2+y2--=1, i - l < z < i }  

and let Gi be the subdigraph of G drawn in A i. Let N be an integer greater than 
the number of regions of G1. By (3.1) applied to the finite digraph G1 U . . .  U GN, 
we deduce that there is a sensible curve r with r C_ A 1 U . . .  U AN, r ~ A 0 M A1, 
r E A N M ANq_ 1 and with trace all - l ' s .  Choose 0 <_ Xl < x2 < . . .  < XN <_ 1 
such that  r ~ U(G) and r E Ai--(Ai-lUAi-kl ) (1 < i < g ) .  For 1 < i < N, 
let ri be the region of Gi with r E ri. Since N is greater than the number of 
regions of G1, there exist i, i t with 1 < i < i t < N such that re = r i + (0, O, i t - i) in 

:the natural sense. But then (ii) follows easily, as required. I 

5. Proof  of  Theorem 2.2 

Let ~, Et, a be as in section 4, let G be a periodic digraph in Z, and let # be a 
non-null finite sequence of •  We wish to introduce several statements, (1 ) , . . . ,  (6) 
below, which we shall later show to be equivalent. Let V(G) = V. 

(1) There is a collection of vertex-disjoint hoops of a(G) with signature (#1. 

For p = (x, y, z) E E', let r = e 2~riz. 

(2) For every sensible closed curve r in ~', i f  w(r �9 r = n >_ 0 then its trace 
dominates (#)n. 

Let H be the infinite digraph with V(H)  = V in which u is adjacent to v ~ u 
in H if there is a sensible curve r in Z with r = u, r = v whose internal 
trace does not dominate #. We define H + to be the infinite digraph obtained from 
H by adding new edges from each vertex v to v + (0,0,1) and to v + (0 ,0 , -1 ) .  
For each e E E ( H  +) we define e(c) = 1 unless e = (u,v) E E ( H  +) - E (H )  and 
v = u +  (0 ,0 , -1 ) ,  when ~(e) = -1 .  

(3) For every directed circuit C of H +, ~ s > O. 
eeE(C) 

(4) There is a function p : V --* Z (the integers) such that if  (u, v) e E ( H )  then 
p(v) <_ p(u) + 1, and p(v + (0, 0, 1)) = p(v) + 1 for all v E V. 

A subset X c_ V is connected if for every partition (X1, X2) of X with X1, X2 
0, there exists Vl E X1 and v2 E X2 incident with the same region of G. 
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(5) There is a function p as in (4), such that in addition {v E V : p(v) ~ j }  is 
connected for all j E l .  

(6) Let # be a l , . . . ,  ak; then there are k vertex-disjoint hoops C 1 , . . . ,  Ck of G, such 
that u(c +l) c A(Cd (1 i < k) and U(Cl + (0, O, 1)) c A(Ck), and Cl + (0, O, 1) 
is vertex-disjoint from Ck, and for 1 < i < k Ci is a positive hoop if  and only if  
a i -= l .  

We shall prove the following expanded form of (2.2). 

(5.1) (1) , . . . ,  (6) are equivalent. 

It is clear that  (6) ==~ (1) ==~ (2); and it remains to prove that  (2) =:~ (3) ==~ 
(4) ~ (5) ==~ (6). These implications will be shown in the following lemmas. 

(5.2) (2) (3). 
Proof. Suppose that  (2) holds, and yet some directed circuit C of H + fails to satisfy 
(3). Let the edges of E(C) M E(H)  be e l , . . . ,  et, in order. Then there are t sensible 
curves r �9 Ct in E such that  

(i) for 1 < i < t, the internal trace of r does not dominate # 
(ii) for 1 < i < t, r = r + ( 0 , 0 , - n i )  for some integer ni, where r 

means Ct, and 
(iii) t < n, where n = ~ n i. 

i 

Now the a .  r  are curves in E r, and their concatenation (with appropriate adjust- 
ment of domain) yields a sensible closed curve r say in El, with w(r  �9 r = n. By 
(2), r dominates (p}n. We deduce that  the internal trace of one of a .  r  a .  Ct 
dominates #, since t < n; and hence so does the internal trace of one of r  Ct, 
a contradiction. Thus (2) ==~ (3), as required. | 

(5.3) (3) (4) 
Proof. Choose a vertex v0 E V. Now H (and hence H +) is strongly connected, 
because any two vertices on a common region of G are joined both ways by edges of 
H. (It is here that  we use that  # is non-null.) For any vertex v E V we define p(v) 
as follows. Choose a directed pa th  Q of H + from v to v0. For every directed walk 
W from v0 to v, 

vO, e l , V l , . . . , e k ,  V k -= v 
say, define t (W)  = ~ t(ei). From (3), ~(W) + ~ t(e) > 0, alld so ~(W) is 

l<i<k eeE(Q) 
bounded below. Since I (W)  is an integer, we may choose W to minimize g(W), and 
we define p(v) = t (W) .  Now if e = (u, v) E E ( H + ) ,  let W be a directed walk from 
v0 to u with g(W) = p(u); then extending W by e and v yields a walk from v0 to v, 
and hence ~(W) + / ( e )  ___ p(v), that  is, e(e) > p(v) - p(u). If e = (u, v) E E(H)  then 
i(e) = 1, and we deduce that  p(v) - p ( u )  < 1. Moreover, for all v E V, let e be the 
edge of H + from v to v + (0,0, 1), and f the edge from v + (0,0, 1) to v. Then 

p(v + (0, O, 1)) - p(v) <_ t(e) = 1 

p(v) - p ( v  + (0,0,1)) _< e(f)  = - 1 ,  

that  is, p(v + (0, 0, 1)) = p(v) + 1. This completes the proof. | 
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(5.4)  (4) (5).  

Proof. I f p  satisfies (4), a region r of G is p-fiat i fp (v )  = 0 for every v E V 
incident with r. We observe that if r is p-flat, then for each integer n ~ 0, the region 
r + (0,0, n) is not p-flat. For let v E V be incident with r (this exists, since V ~ 0); 
then v' = v + (0, 0, n) is incident with r + (0, 0, n) and p(v') = p(v) + n ~ O. It follows 
that the number of p-flat regions of G is at most the number of regions of a(G). 
Hence we may choose p, satisfying (4), with as many p-flat regions as possible. We 
shall show that p satisfies (5). 

Let J be the infinite graph with V(J)  = V, in which distinct Vl, v2 are adjacent 
if they are incident with the same region of G. We claim that 

(7) For each t E V there exists s E V with p(s) = p ( t ) -  1 and a path P of J between 
s and t such that p(v) <_ p(t) for al1 v E V(P).  

For suppose not. By translating, we may assume that p(t) = O. Choose X C_ V 
maximal such that  t E X,  p(v) = 0 for all v E X, and X is connected. From our 
assumption and the maximality of X it follows that 

(8) I f  (u,v) E E(J)  and u ~ X and v E X then p(u) > 1. 

Let X = { v + ( 0 , 0 ,  n ) : v E X ,  n E Z } .  We claim that 

(9)  2 # v .  

For since G is periodic, there exists (u, v) E E(J)  with p(u) < p(v), and by 
translating we may assume that p(v) = O. Then u ~ X, and so by (8), v ~ X. Hence 
X ~ {w E V :p(w) = 0} and so ](  ~ V, as claimed. 

Define p' by 

p'(v) = p(v) + 1 (v E X)  

= p(v) r x). 
We claim that p' satisfies (4). For suppose that there exists (u, v) E E(H)  with 
p'(v) >>_ p'(u) + 2. There is a sensible curve r with r = u and r = v, such that 
the internal trace of r does not dominate #. Choose u, v, r such that  the trace of r 
has as few terms as possible. Since p(v) <<_ p(u) + 1, p(u) <_ p'(u), p'(v) < p(v) + 1, 
and pt(v) > p t(u) + 2, we have equality in all four inequalities, and in particular 
v E X, u ~ X, andp(v )  = p ( u ) + l .  We may assume by translating that v E X, 
and since u ~ X and p(v) = p(u) + 1, it follows from (8) that (u, v) ~ E(J) .  Hence 
the internal trace of r is non-null. It follows that there exists v I E V on a common 
region of G with v, and a sensible curve r with r = u, r = v ~, such that the 
internal trace of r does not dominate # and the trace of ct has fewer terms than the 
trace of r From the choice of r we deduce that  

p'(v')  < p ' (u)  + 1 = p'(v)  - 1 = p(v)  = 0. 

I f v '  E X, then 0 = p(v I) < pl(vl) <_ 0, a contradiction. If v' ~ X, then since 
(v', v) E E(J) ,  it follows from (8) that 1 G p(v I) G pl(v') G O, again a contradiction. 
Thus there is no such pair (u, v) E E(H),  and so pl satisfies (4). 

From the maximality of X, no p-flat region is incident with a vertex of G in ) (  
and with a vertex in V - ] ( ;  and so if r is a p-flat region, then either r or r + (0, 0, - 1 )  
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is pl-flat. Moreover, there is by (9) a region r of G incident both  with some vertex 
in )(  and with some vertex in V - J(. Let Y be the set of vertices of G incident 
with r. Choose v E Y M X with p(v) maximum. By translating, we may assume that  
p(v) = 0, and so v E X. Now for all u E Y -  {v} 

(i) p(u) <_ p(v) + 1 = 1, since (u, v) E E(H) (because # is non-null) 
(ii) p(u) _> 1 if u it X,  by (8) 

(iii) p(u) <_ p(v) = 0 if u E Y M )(, by the choice of v. 
It follows that  p(u) = 1 if u E Y - X, and p(u) = 0 if u E Y N X. Thus r + (0, 0, - 1 )  
is pt-flat, and hence there are more pl-flat regions than p-fiat regions, a contradiction 
to the choice of p. This proves (7). 

To complete the proof of (5.4) we proceed as follows. For every pair a, b of vertices 
of G with p(a) = p(b) = 0, let Pab be a path of J between them. Choose n E l so that  
for all such a, b and all v E V(Pa,b), p(v) < n. Let X = {v E V : p(v) < j};  we must 
show that  X is connected. From the periodicity, we may assume tha t - j  -- 0. Let s, 
t E X,  and choosen  p >_ n, -p(s), -p(t). There is a p a t h  P o f J w i t h  V(P) C_ ~ 
between s and s I say, where p(s I) = - n  I, by (7). Similarly there is a path  Q between 
t and some t' w i t h p ( t ' )  = -n' .  Let s ~ + ( 0 , 0 , n  ~) = a, t t + ( 0 , 0 , n  ~) = b, and let 
R = Pab+(O,O,-n~). Then R i s  a p a t h  of J between s I a n d t  I, and V(R) C_ X.  
The union of P, Q, R therefore contains a path  of J within X between s and t. We 
deduced that  X is connected, as required. I 

(5.5) (5) ~ (6). 
Proof. Choose p as in (5). We observe first that  if some entry of # is 1 then G has 
a positive hoop. For otherwise we could choose r n as in (4.1)(ii), we could arrange 
that  n > 2 (by concatenating r and r  (0, 0, 1) if necessary) and that  r r E V 
(since V ~ 0). But then (r r E E(H) and yet p(r - p ( r  = n _> 2, 
contrary to (5). Similarly, if some entry of p is - 1  then G has a negative hoop. 

Let X 1 = {v E V : p(v) <_ 0}. Since G is periodic, there are hoops C, C ~ of G, 
positive if and only if (~1 = 1, such that  V(C) C_ X1 and V(C)  M X1 = q}. By (3.3), 
there is a hoop C1, positive if and only if a l  = 1, such that  V(C1) M X1 = 0 and for 
every v E V(C1) there is a sensible curve r with r E X1, r = v and with 
internal trace all - a l ' s .  Since X1 is connected and X1 M B(C1) ~ 0 it follows that  
X 1 C B(C1). 

Inductively, having defined C1, . . .  ,Ci-1 for some i with 2 < i < k, we define 
Ci as follows. Let Xi = B(Ci-1) N V. From the choice of Ci-1, it follows that  X1, 
V(C1), . . . ,  V(Ci-1) C X i. By (3.3) there is a hoop Ci, positive if and only if a i = 1, 
such that  V(C/) M X i = 0 and for every v E V(C/) there is a sensible curve r with 
r E Xi, r = v and with internal trace all - a i ' s .  Since r meets U(C/_I)  
and V(C/-1)  C_ Xi, we may assume that  r E V(C/-1) .  Since X i is connected, it 
follows that  Xi C B(Ci). This completes the inductive definition. 

We observe that  for each v E V(Ck) there are k sensible curves r  Ck such 
that  r E X1, r -- r (2 < i < k) and Ck(1) = v, and such that  for 
1 < i < k the internal trace of r is all - a i ' s .  It follows that  the internal trace of 
the concatenation of r  Ck does not dominate #, and hence (r E E(H). 
Since p(r  _< 0 we deduce that  p(v) < 1, from (5). Thus Y(Ck + (0 O,-1)) C_ X1, 
and so U(C k + ( 0 , 0 , - 1 ) )  C B(C1), that  is, U(C1 + (0,0,1)) C A(Ck). But 
C1 + (0,0, 1) and C k are disjoint since p(v) < 1 for all v E V(Ck) and p(v) > 2 
for all v E V(C1 + (0, 0, 1)). Thus (6) holds. I This completes the proof of (5.1). I 
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6. A l g o r i t h m s  

In this section ~ is the torus as in (2.2), and G is a digraph drawn on it (and A, ~b 
are as before (2.2)). Our result (5.1) may be used to give a polynomial algorithm 
to test whether (2.2)(i) holds, because as we shall see statement (3) of section 5 
can be checked in polynomial time. To do so, we first observe that we can confine 
ourselves to input graphs G with "2-cell" drawings, that is, in which every region 
is homeomorphic to an open disc. For if a region r is not an open disc then one of 
three possibilities holds: 

(i) There is a simple closed curve in r bounding a closed disc A c_C_ E, and 
U(G) A A ~ 0. Then the portion of G drawn in A may be deleted without 
changing the problem. 

(ii) There is a simple closed curve r in r, non-null-homotopic in Z and with 
w( r  r ~ 0; then (if # is non-null) (2.2)(ii) is false. 

(iii) There is a simple closed curve r in r, homotopic to A; then we may "cut" 
along r and reduce to a new problem on a cylinder, to solve which there is 
an easy "greedy" algorithm. 

Thus we assume henceforth that G is a 2-cell drawing. 
Let G* be a dual digraph of G (defined as usual, with one vertex for each region 

of G; every edge of G* crosses the corresponding edge of G from left to right). Let 
G + be a digraph in ~ with V(G +) = V(G) U V(G*), with edges the edges of G* 
together with, for each w E V(G*) lying in a region r of G and for each v E V(G) 
with v E ~, two edges, both in r, one from v to w and one from w to v. 

To describe an algorithm for (2.2), we must discuss how the drawing of G is 
presented, as an input for the algorithm. However, we wish to be vague on this 
point. We shall assume merely that we are presented with G and G + as abstract (non- 
embedded) digraph, and that we have a subroutine which for each circuit C of G + and 
integer k, will decide whether w(C) <_ k in time polynomial in IV(G)] + [E(G)[ + k. 
(It is convenient to equip circuits with orientations, even if they are not directed 
circuits; thus, from now on, there are two circuits corresponding to the same "circuit 
subgraph" of G, with opposite senses. If C is a circuit of G, we denote by w(C) 
the winding number of C, that is, w(r  �9 r where r is a simple closed curve with 

= U(C) tracing U(C) in the same sense as C, and r is as in (2.2).) 
Our algorithm proceeds as follows. Intuitively, we proceed to compute the graph 

H and function ~ of statement (3) in section 5. However, to avoid working with 
infinite graphs we formulate the procedure in terms of the finite graph on the torus 
(which was called a(G) in section 5, and is now called G) and a corresponding 
auxiliary graph. 

Step 1. Choose a spanning tree T of G +. 
(This is possible since G + is connected.) 
For each edge e e E(G +) - E(T) ,  let Ce be the circuit of G + with E(Ce) C 

E(T)  U {e}, using e in its positive sense, and let n(e) = w(Ce). For each e e E(T),  
let n(e) = 0. 

Step 2. For each e E E(G +) - E(T),  check that [n(e)l _< [Y(Ce)[. 
(If not then (2.2)(ii) (and hence (2.2)(i)) is false, assuming that # is non-null.) 

Step 3. For each e E E(G+), compute n(e). 
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(We can do so in polynomial time, since by step 2 we may assume that In(e)l is 
polynomially bounded.) 

We observe that  for every circuit C of G +, 

w(c)_- Z n(e)- Z n(e) 
e6E(C) + e6E(C)- 

where E(C) +, E ( C ) -  are the sets of edges of C whose directions agree and disagree 
respectively with the sense of C. 

Step 4. Check that for each directed circuit C of G*, if some term of # is 1 then 
w(C) <_ 0 and i[ some term of # is - 1  then w(C) >_ O. 

(This can be done in polynomial time by [1], using the numbers n(e) computed 
in step 3 and the observation above. If some C does not have the property of step 
4, then (2.2)(ii)(and hence (2.2)0)) is false.) 

If W is a walk vo,el ,Vl , . . .  ,ek,v k in G +, we define 

n(W) = Z +n(ei) 
l<i<k 

taking the + sign if W uses e i in its positive direction. 

Step 5. For each pair u, v of vertices of G such that there is a directed path of G + 
from u to v with no other vertex in V(G): 

(i) if some term o f#  is 1, choose such a path wl ,v  with n(Wl,v) maximum 
(ii) if some term o f #  is -1 ,  choose such a path W say with n(W) minimum, 

and let W~, 1 be the reverse of W. 
(From step 4, these can be computed in polynomial time.) 
Let # be a l , . . .  ,ak. Let H be the digraph with V(H)  = V(G), where (u,v) 6 

E(H) if there is a sequence u = v0, Vl , . . . ,  Vk = v of vertices of G such that Wv~_l,vi 
exists (1 < i < k). For each e = (u, v) 6 E(H),  let s be the maximum over all 

such choices of vO, V l , . . . , v  k of ~ n (W~i_l,v,). 
l < i < k  

Step 6. Compute the digraph H and the numbers ~(e). 
(We may assume that  k < IV(G)[ since otherwise (2.2)(i) is false, and so step 6 

can be carried out in polynomial time.) 
Step 7. Check that for every directed circuit C of H, ~ g(e) < [E(C)[. 

eEE(C) 
(Again, this can be done by the method of [1].) If every circuit C has the property 

of step 7 then (2.2)(i) is true because of (5.1), and otherwise (2.2)(i) is false. This 
completes the algorithm. 

We leave the proof of correctness to the reader. 
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7. Extension and applications 

We have already said that (2.1) can be proved by a very similar proof, which we 
omit, and yet we have been unable to formulate a convenient common generalization 
of (2.1) and (2.2). Nevertheless, (2.2) does have an application to a problem about 
a digraph drawn on a cylinder, as follows. Let E be {(x, y) : 1 _< x 2 + y2 < 4} and 

( 2ri sin ~ )  and the other be twice that. Let for 1 < i < k, let one of si, ti be cos -k--, 
\ / 

G be a digraph in E with 

U(G) n bd(E) = { s l , t l , . . . , s k , t k }  C_ V(G). 

We ask: do there exist k vertex-disjoint directed paths P 1 , . . . ,  Pk of G such that for 
1 < i < k, Pi is from s i to t i and is homotopic in Z to the straight line from s i to ti? 
To solve this, we add an edge from t i to S i for each i, obtaining a digraph on a torus 
in the natural way, and we apply (2.2). It turns out to be necessary and sufficient 
that for every closed curve r in E and for every curve r in Z with both ends in bd(Z), 
the trace of r dominates the appropriate sequence. This results extends to digraphs 
theorem (5.10) of [3]. 

There are several possible generalizations of (2.2). For instance, given a digraph 
G on a torus Z and A as before, where every vertex v has an integer capacity c(v) >_ O, 
and a sequence of + l ' s ,  we can ask: do there exist directed closed walks W1, . . . ,  Wk 
in G, each homotopic to A or to A -1, non-self-crossing and pairwise non-crossing, 
with signature (#), such that for each vertex v, ~ n (W i, v) <_ c(v), where n(Wi, v) 

i 
is the number of occurrences of v in Wi? It turns out that a result like (2.2) holds. 
(We modify the definition of trace so that when r passes through a vertex v, its trace 
acquires not one but c(v) O's.) The proof is like that for (2.2). 

A second curious generalization is the following. Let G, Z etc. be as before and 
let # be a sequence of + l ' s  with k terms. Let G1 , . . . ,  Gk be subdigraphs of G. When 
is there a collection of vertex-disjoint hoops {C1, . . . ,  Ck} numbered in order, so that 
Ci is a circuit of Gi(1 < i < k) and is positive if and only if ai = 1? Again, a result 
like (2.2) holds and the proof is similar. 

A third generalization would be to replace the torus by another surface. Since 
this paper was written, A. Schrijver has solved the corresponding problem (by a 
different method) for every connected surface except the torus and Klein bottle. 
The Klein bottle problem remains open. 
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